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Abstract 



Some convergence results on the kernel density estimator are pr oven for a cla s s of l inear 
processes with cy c lic effects. In partic ular we extend the results of [Ho and Hsina (|199 6) and 



processes w itn cy c lic enects. m particular we extend tne results ot mo ana rising (iiyyoj ana 
Mielniczuk ( 1997t ); Hall and Hart (1990) to the stationary processes for which the singularities of 
the spectral density are not limited to the origin. We show that the convergence rates and the 
limiting distribution may be different in this context. 
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1 Introduction 



IHoskind (|l98lh introduced long memory processes with quasi periodic behaviour. This fact cor- 
responds, for stationary processes, to spectral densities which exhibit singularities at non zero 
frequencies. Many authors have contributed t o the construction of fra c tional models w ith singular- 
i ties/poles outside the orig i n, see f or instance, Gray et al.l ( 1994 . 19891 ): Hassler ( 1994 ): Viano et al 
(119951 ); iLelpus and Via"nol (|2000l ): [Bisognin and Loped (|2009F k 

We can distinguish between two types of long memory: one regular and the other cyclical 
according to whether the spectral density has a pole at the origin or outside the origin. From 
a statistical point of view, the estimators of the long memory parameter have been adapted to 
yield some estimates if cyclical effects are assumed. In a parametric context, the ^/n-consistenc y 
of the maximum like lihood estimate or the Whittle estimate has been proved (see iHosoyal (| 19971 ) : 
IGiraitis et al. ( 2001 ) when the pole is unknown). Semi parametri c estimates can be more or less 



easily 
1999); 



see 



adapted to the cyclical case , 

Hsu and Tsal (|2009t ) ; iReisen et al.l (|2006l ): IWhitcherl (|2004l )) 



Hidalgo and Soulier! (|2004| ); lArteche and Robinson! (|2000[ 



When we consider empirical process related statistics, the situation is more delicate. The 
normalisation and the limit distribution can be different according to whether the memory is 
regular or cycli cal. An import a nt lite r ature is devoted to the conve rgence of the empiri cal process, 
see for instance Ho and Hsing ( 1996 ); Giraitis and Surgailisl (1999) in regular case and Quid Have 
(|2002l ) lOuld Have and Philippe! (|2003l) in cyclical case. 

In this paper we give some convergence results on the kernel estimator of the marginal density 
/. Let (Xi, ■ ■ ■ ,X n ) be an observed sample from /, the kernel estimator of / is defined by 



1 n 

fn(x) = 



X — X-j 



(1.1) 



3 = 1 



1 



where the bandwidth m n is a sequence such that m n — > +00 and nm n -> as n -> 00, and K is 
a kernel function. 

Consider the following infinite moving average process, 

t 

j—-oo 

where 



the sequence (bk)k has the form 



b k = k-( a+1)/2 J2 a j( coskX 3 + ( 1 ))> k^oo (1.3) 
ie./ 

where a € (0, 1) and A.,- 7^ for all j £ J, a finite non empty subset of N. 

• (£n)n is a sequence of independent and identically distributed random variables with zero 
mean and finite variance E£q = <j 2 < 00. 

From iGiraitis and Leipus (119951) . the covariance function r of (X t ) defined by Q1.2p and (|1.3[) 
has the form 

r(/i) = h-° a j (cos hXj +o(l)). (1.4) 
je./ 

as /i tends to infinity. 

A large class of linear processes satisfying these conditions is obtained by filtering a white noise 

&) 

m 

X t = G(B)& with G(z)= 5 («) IJ (l-e a '«) (a '~ 1)/2 , m > 1, (1.5) 

J=— TO 

where B is the backshift operator and where g is an analytic function on {\z\ < 1}, continuous on 
{\z\ < 1} and g(z) 7^ if \z\ = 1, and where 

< otj < 1, Q!j = a-j, \-j — —Xj, j = 0, . . . ,m, and 

= A < Ai < . . . < A m < 7r. 

Taking 

a = min{aj, j = 0, . . . , m}, and J = {j > : aj = a}, 

if a < ao/2 then the condition (|1.3[) is satisfied. 

Note that the condition on the coefficient a ensures that YlhLi l r (^)l = °°> thus the process 
has a long-memory. However this condition is not enough to characterize the cyclical long memory. 



1. When a < a /2. 



i=i 



o I ^V(j) 2 as h — > 00. Therefore the process (Xf) has also 
\i=i / 

a long memory, which is more persistent than (X t ) (see Remark [T] for the exact expressions). 
This fact characterises cyclical long memory, and the asymptotic behavior of many statistics 
(see below for the empirical process) can be drastically different. We focus on this case in 
this paper. 

2. When a > ocq/2, the cyclical behavior is less persistent than the regular long memory 
(singularity at frequency zero). The presence of singularities outside zero do not modify the 
convergence results obtained in the regular case. 

3. When a = ao/2, both (X t ) and (Xf) will contribute to the limiting distribution, which will 
be a combinaison of the two previous cases. 



2 



We consider the empirical process associated with the process (X n ) n >i defined by 



1 n 

F n (x) = -J2l 



{X 3 <x}- 



= 1 



Quid Have and Philippe! ((2003) proved the following results for the linear process (X n ) defined 



in p. 51) . Assume that E£q < oo, the cumulative distribution function of £o is 5 times differentiable 
with continuous bounded and integrable derivatives on R. Denote 



d n = n 1 



and D = 



V(2-2a)(l-2a) 
4r(a)cos(a?r/2) 



If a < ao/2, then, as n tends to infinity, we have 



d- l [nt](F [nt] {x) - F(x)) => ^P-R(t), 



(1.6) 



where R is a linear combination of independent Rosenblatt processes with the same parameter a 
R(t) = R a< A(t) = D-^cJRfH^+Rfitfj, (1.7) 

where A = {Aj, j e J}, and where 
• Co = ho/2, Cj = hj if j 7^ and 



o4 (A fc -A 3 h("-l)/2 



• Rf\t), i = 1,2 and j € J are Rosenblatt processes with parameter I — a, independent 



except for j = 0, R^(t) = Ro'(t). 

The paper is organized a s follows. In Section 2, we establish a limit theorem for the kernel 
estimate. This extends one of H o and Hsing (ll996lT s results, in particular we show the contribution 
and the effect of the singularities of the spectral density outside the origin to the convergence rate 
and the limiting distribution. Then we apply our limit theorem to construct confidence bands for 
the density fun ction. 

Similarly to lHall and Hard (|l990h : iMielniczukl (|l997h . we provide in Section 3, the asymptotic 
behavior of the mean integrated squared error, and we show that the equivalence, one had in regular 
long memory' can be modified when the singularities of the spectral density are not limited to the 
origin. 



2 Asymptotic distribution of the kernel estimator 

Hereafter, we assume that the kernel A" is a continuous function with compact support and 
J K{x)dx = 1. Concerning the bandwidth m n , we assume that m n — > and nm n — > oo, as 
n tends to infinity. 
The equality 

f n (x) - Ef n (x) = — [ K{-^-)d{F n (u) - F{u)) (2.8) 

clearly shows the relationship between the estimate f n {%) and the empirical process F n (x). The 
process / n (x) is sometimes called the empirical density process. 
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For every integer n > 1, we define the following statistics 

n n 



k—r ; 



fc=l 



fc=l s<r 



and 



5„, 2 (or) = n(F„(x) - F(a;)) + F'{x)Y nA - -F"(a:)Y n , 2 . 



(2.9) 



(2.10) 



Remark 1 For line ar processes defined in (11.51). the following equivalences as n tends to infinity, 
have been proved bv lOuld Have and Philippe! ([20031 ) 



Var(F„ :2 ) ~ - Var(£(X? - E(X 2 )) 



Cn 2 



3=1 



and 



Var(F n>1 ) = Var^X,) - Cn 2 - ao . 

3=1 



(2.11) 



(2.12) 



Therefore (|2.12j) and (|2.11j) imply that the convergence rate obtained in Proposition 12.11 is 
smaller than the convergence rate of X n . 

Let us define the class of Parzen kernels of order s. 



Definition 2.1 A kernel function K is said to be a Parzen kernel of order s > 2 if it satisfies the 
following conditions 

L fm K ( u ) du = !> 

2. for every 1 < j < s — 1, L v? K(u)du = 0, 

3. f R \u s \\K(u)\du < oo. 



Bretagnolle and Hubei] (19791) proved th e exist ence of such kernels, for which, an explicit construc- 



tion can be found in Gass er and M iiller 

Proposition 2.1 Consider a process (X n ) defined in hi. 5}) . Assume that a < (Xq/2, E£q < oo, 
the cumulative distribution function of £o is 5 times differentiable with continuous bounded and 
integrable derivatives on R. Let K be a Parzen kernel of order 4 having bounded total variation. 
Assume that the bandwidth has the form 



m n = n , where — < S < 



Then, as n tends to infinity 



n a sup|/ n (a;) - f{x)\ — > sup 



f"(x) 



where R a ,A = -Rc<,a(1)- Moreover, 



n {fn(x)-f{x)) —Ra,A, 



(2.13) 



(2.14) 



where 



denotes the convergence in Cfc(R), the space of continuous bounded functions. 
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Proof: 

The difference between /„ and / can be expressed as 
f n (x) - f(x) = f n {x) - Ef n (x) + Ef n (x) - f(x) 

= — J K(u)d(F n (x - m n u) - F(x - m n u)) + J (f{x - m n u) - f{x))K{u)du. 

We first replace F n — F by its expression in (|2.f 0|) . Then we apply the integration by parts 
formula on the first integral. For the second, we apply the Taylor-Lagrange formula. There exists 
a real number u* such that \u* — x\ < \m n u\ and 

f n (x) - f{x) = — — [ S n . 2 (x - m n u)dK(u) + / f'(x - m n u)K(u)du 

nm n J n J 



Y, 



n,2 „/// 



Y n 2 

n 


//<»> 


rw - 
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fV\x) + ^f^{u*))K{u)du 



n j V , 2 J w 6 J w 24 
=:a n (x) + b n (x) + c n (x) + d n (x) + e n (x). 

Now, a proof similar to that of Theorem 2.2 in iHo and Hsinel (Il996l) allows us to write for 
25 < a 

n Q+5 - 1 sup|5„. 2 (a;)| ^4 0, asn^oo. (2.15) 



And, thus we have 



p 

n a sup\a n (x)\ — > 0, as n — > oo (2-16) 



p 

where — > denotes the convergence in probability. 

For the sequences b n (x), d n (x), e n (x), we get the same convergence in probability as in (|2.16|) 
by bounding the variances. To obtain the bounds, we start from the variances of Y n ,\ and Y n ^ 
defined in (|2.12p and (I2.11[) . and we use the fact that if is a Parzen kernel and that / is 4 times 
differentiable and bounded derivatives. We get, as n tends to infinity, 

Var(n a sup|6„(a;)|) < n 2Q ~ 2 Var(Y„.isup|/'(x)| / \K(u)\du) 

= Cn 2a - 2 n 2 - ao = Cn 2a - a ° — > 0, 



Var(n Q sup|d„(a;)|) < n 2a ~ 2 Var(y n . 2 m„sup|/ (3) (a;)| / \uK(u)\du) 

iei ^ let J ' 



Cn 



2a - 2 n 2 - 2a n- 5 



0. 



n«sup|e„(x)|<sup|/( 4 )(x)|^— 

x6R i6K ^4 



u i \K{u)\du = 0{n a - iS ) — >0, 



These four convergences in probability imply that both sequences 



n a swp\f n {x) ~ f(x)\ and n a sup\f"(x)\ I 



n a sup|c„(x)| 



have t he same limit as n tends to infinity. According to Lemma 2.1 in Quid Have and Philippe] 
(|2003l ). this common limit is equal to 



sup 



/"(*) 



\R a ,A\ 
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Hence (I2.13[) is proved. According to (I2.11[) . we notice that the rate n~ a given in (12.131) is the 
convergence rate of n" 1 X)j=i(^j — -^(^l))- 

Similarly, as n tends to infinity, the finite-dimensional distributions of 



n a (f n (x)-f(x)) and - n a f"(x)^- = n a c n {x) 

n 

converge simultaneously to the finite-dimensional distributions of — (f"(x)/2)R a a. This concludes 
the proof of (|2.14p because (|2.13p implies the tightness of n a (f n (x) — f(x)). 

Remark 2 We clearly see that the choice of the class of Parzen kernels allows the bias E/„ (x) — 
f(x) to become negligible. If K is not a Parzen kernel, the contribution of the bias e n {x) is not 
negligible with respect to b n (x). Therefore, (|2.13[) is false for a standard kernel unless we replace 
f n (x) - f(x) by f n (x) - Ef n (x) in (JUS. 

Remark 3 The result (|2.13[) in Proposition 12 . 1 1 can be applied to obtain a goodness of fit test on 
the marginal density. 

Remark 4 The result (j2.13[) in Proposition 12.11 provides confidence bands for / which depend 
on the derivative /". In general, /" is not available, and thus the confidence band cannot be 
calculated. Then /" can be replaced by its kernel estimate given by 



n 



x — X,, 



in. 



(note that it is necessary to assume that the kernel function K is twice diffcrcntiablc.) 

Proposition 2.2 Under the same hypotheses as in Proposition ] 2. 1\ and if the kernel function K 
is twice differentiate and its derivative K" is continuous, then for each interval [a, b] on which 
f" is positive, we have 



2n a sup 

xG[a,b] 



fn{x) - f{x) 



ff!(x) 



\R a ,\\ 



In other words, as n tends to infinity, for every t > 0, we have 

<x <b} ^ P{\R aA \ <*}. 



P{fn(x) ~ ^ < f{x) < f n (x) + t M^-, 



2n a 



(2.17) 



(2.18) 



In Proposition [231 we gi ye a consistent estimate of the quantiles of process R a .A- Using (|2.18|) . 
this allows us to obtain asymptotic confidence band for the density f(x) which is valid for every 
x e [a, b]. 



Proof : 

Let 4> be the function defined on C&(R) by 



sup 

x£[a.b] 



f"{x) 



Since <j> is continuous, (|2.14p ensures the following convergence : 

fn(x) - f(x) 



2n a sup 

x£L [a,b] 



Now, we prove that the difference 



f"(x) 



R 



as n — > oo. 



a (fn[x)-f(x) f n (x)-f(x) 



KM 



(2.19) 



G 



satisfies 



sup | l^i (x) | — > 0, as n — > oo. 

.i'G [a, 6] 



This convergence is obtained as follows. We rewrite Y n (x) as 

L(x)-f(x) R(x)-f»(x) 



\Y n (x)\ = n c 



f"(x) 



and by (|2.19[) . it is enough to prove that 

m - fix) 



sup 



tt(x) 



fii(x) 



0, as n — > oo. 



(2.20) 



The difference between f^ and /" can be written as 



S n ,2(x - m n u)dK" (u) + 



Y n i 



f^(x - m n u)K(u)du- 



— I f (4) (x-m n u)K(u)du+ f(f"(x-hu)-f"(x))K(u)d 



ti(x)-f"(x) 



by replacing / with /" and f n with and following the same lines as the proof of Proposition 
OH] Then, we get 

S up\f::(x)-f"(x)\=0(n-^-^). 



■Tfcl 



Since < 5 < 1/4, we have 
moreover, the derivative /" satisfies 



supl^'Oc) - f"(x)\ 0, 



inf \f"(x)\ > 0. 

£6 [a,6J 



Thus, we get (|2.20[) . This concludes the proof. 



Proposition 2.3 Fix (3 £ (0,1). Let c(a,A,/3) be the quantile of order /3 of the process R a ,A 
defined in (|1.7p . If(a n ,A n ) are consistent (in probability) estimators of (a, A), then 



c(a„, A„,/3) -> c(a,A,0) 



(2.21) 



Remark 5 In the references given in the introduction, the parametric and semi parametric meth- 
ods provide estimators of (a, A) which satisfy the condition required in Proposition [ 



Proof : We want to show (|2 . 2 1 1) which will be obtained if we show that the application (7, 9) M> 

0(7, 9, (3) is continuous, as [a n , A„) — > (a, A). To prove this continuity we prove that the mappings 
5, h below are continuous, 

((0,l)x[CUpl, |.|)4(a,(K),||.||) A((0,1),|.|), 

where || .|| is the uniform metric, and in the following decomposition Fj_g is the distribution function 
of R^fi. 

(l,0) ^[g(%6) = F 7 ,e]^[h(F 7 , e ) = c( 7) 0,/3)]- 

Continuity of g can be proved as follows. Consider a deterministic sequence (7„,#n) such that 
(in, &n) — > (7)0) as n — > 00. Then to prove that Fy n> g n — > F 7i g uniformly it will be enough to 
show that R Jn ,e 7l => R~f,e- To obtain the latter weak convergence it will suffice to show that 
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every sequence of Rosenblatt variables (Ry n ) with parameter 7„ converges weakly to a Rosenblatt 
variable i? 7 with parameter 7, as Ry n> e„ is a linear combination of independent Rosen blatt variables 
R lri with the coefficients Cj/D that are continuous functions of ~i n ,6 n . We have from [Major (1981) 

Ay„= / / -/ , x W n (dx,dy) 
J Jm 2 i{x + y) 

where 

W n (dx,dy) = \x\^- 1)/2 \y\^- 1)/2 W(dx,dy) 
with VK((ia;,(iy) being the standard Gaussian random measure, and since 

| x |(7n-l)/2| y |(7n-l)/2 ^ | x |(7-D/2| y |(7-D/2 

then we have the required convergence. 

Now to prove the continuity of h it is enough to note that the quantile function is continuous (with 
respect to the uniform metric) over the class of monotonic continuous distribution functions, i.e. 
if \\F n - F\\ then h(F n , (3)) h(F,f3). Of course here we do have \\F lri: e n - F 7 , e || -> 0, as we 
just established that R ln ,e m => Rj,e- □ 



3 Asymptotic mean integrated squared error (MISE) 



The mean integrated squared error (MISE) of the estimate /„ is defined by 

E(/ B (a:) - f(x)) 2 dx. 



L 



For a wide cla s s of lin ear p rocesses inc l uding the processes with short and regular long memories, 
Hall and Hartl (|l990h and iMielniczukl (|l997t ) studied the asymptotic behavior of the MISE. In 
particular, they established the following equivalence, when n tends to infinity, 



E(/n(:c) - f{x)) 2 dx ~ / E (f n (x) - f(x)) 2 dx +Var(X„) / f'(xfdx 



(3.22) 



where Eo denotes the expectation with respect to the distribution of n independent random vari- 
ables distributed from the density /. In particular, the equivalence p.22[) shows that the conver- 
gence rate of the MISE cannot be faster than the convergence of Var(X n ). In other words, the 
convergence rate of the kernel density estimates is bounded from above by the convergence rate 
of the empirical mean. This is the optimal rate. 

Hereafter, we assume that the distribution of the innovation satisfies 

[Z] There exist 5 > and C < 00 such that the characteristic function of £0 satisfies 

\Ee l<0 \<C(l + \u\)- s (3.23) 



Theorem 3.1 Let (X n ) be a linear process defined in hl.Sfy and hl.5\) such that the distribution of 
£0 satisfies [Z] and E£q < 00. Assume that a < | A ^ and the kernel K is a bounded symmetric 
density function. Then the MISE satisfies, as n tends to infinity, 

MISE(f n ) ~ / E (/„(x) - f(x)) 2 dx+ - Var(i V(X, 2 -E(X 2 J)) f f"{xfdx (3.24) 
JR 4 \n . =i / J R 

where Eo denotes the expectation with respect to the distribution ofn independent random variables 
distributed from the density f. 



S 



Remark 6 The variance Var^i J^" =1 (JC| — E(X^))^ is also equivalent to 4Var(iy„,2) (see 
Quid Have and Philippe (2003)). Equation p.24[) shows that this term is a ceiling rate of MISE 



independently of the choice of the kernel and bandwidth. 
Proof. 

Notation : for an arbitrary function <?, we denote by g its Fo u rier tr ansform. 

The proof consis ts in adapting the proof of iMielniczukl (|1997j) to the cyclical case. Using 
Hall and Hart (1990) decomposition of the MISE, we have 



MISE(/„ 



E (f n (x) - f(x)) 2 dx+ 

— ]T(1 - j/n) I \K(m n t)\ 2 {Re (E(e^~ x ^) - |/(i)| 2 } dt (3.25) 



3=1 

:= MISE + W n 



Let be the joint density of {X\ , Xj+i). We extend the expansion of fj , obtained bv lGiraitis et al 
(|1996h for the first order, to the second order as follows: there exists a function £j : R 2 i-> R such 
that 



1 



fjfay) = f(x)f(y) + r(j)f(x)f(y) + -r(j) 2 f" (x)f" (y) + lj(x, y) V(x,y) € R 2 

where r is given in (jl.4l) . 
We have 

E( e < *( Jc i-^+0) = f e it{x ~ v) f{x)f{y)dxdy + r{j) [ e lt(x ~ v) f {x)f {y) dx dy+ 



(3.26) 



+ \r{jf j e u ^f"(x)f"(y) dxdy + J e^-^foy) dxdy 

^\I(t)\ 2 + r(j)\T(t)\ 2 + K(jr\r(t)\ 2 +£ J (t,-t). 



(3.27) 



Similarly to IMielniczukl (|l997h . W„ in (|3^5]) can be written as 



W„ 



n— 1 « -. n— 1 „ 

£(l-i/»)r(j) / |# ro „ */?(*) dt + ±£(l-j/n)r(j) 2 / |i^„*/"| 2 (t)di+ 

1 n_1 /" 
+ — V(l-j/n) / |if(m n t)| 2 Re^-(t,-t)di 
wk ~ — ' J 



where K mn (x) —m n 1 K(xm n 1 ), and where f*g is the convolution of / and g. Moreover we have, 
forfc = l,2, 

J \K mn *fM\ 2 (t)dt= J /W(t) 2 dt + o(l), rwoo. 

We obtain 



3=1 



£(! - ( / fit) 2 ^ + 0(1) ) + ; £(1 - ^)r(j) 2 ( / /" W 2 di + o(l 



n-l 

Ed- 



n" 



|if(™„f)| 2 Re^(i,-i)di. (3.28) 
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According to iGiraitis and Surgailis (Il990h . we have 



3 = 1 



-(nr(0) + 2 £(n - j>(j) 2 ) + 0(n- x ) 



n-l 



^(l- J 7n)r(j) 2 + 0(n- 1 ):= 7 (r 



Moreover, using the form of r given in (11.4[) and the fact that a < 1/3, we get 



n-l 



7 (n) = -£(1- 2a (£ ^ ( cos J A * + ? + 



n-l 



,l-2a 



-2a 



feej 



1 



1 - 2a 2 -2a 
1 



(1 - 2a)(l - a) 



7 feeJ 



2<v 



fee./ 



As a < | A ^ and using (pTHZj) . we get 
2 ™ _1 1 

- V(l - j/n)r(j) = — V&r(Y n i) - rfOln" 1 = O(n- Qo ) + O^ 1 ) = o(n- 2Q ). 
From ([3158]), (|3~^9"|) . (fBT5U|) and (j3"3T|) . we get 

W n = 1 Var(i £(X 2 - E(X 2 ))) | /"(t) 2 d* + o( n -^)+ 



3 = 1 



i n ~ 1 r 

— V(l-j/n) / |#(m n t)| 2 Re^-(i,-t)dt 
iTi" r— f J 



Since r(j) behaves asymptotically as j , and 

n-l 



n— 1 ^ 7i—l „ 

— YVl-j/n) / |X(m„i)| 2 Re^,-t)dt < — V(l-j/n) / \lj{t,-t)\dt 

3 = 1 3 = 1 



the proof is completed using the following lemma proven below. 
Lemma 3.1 Under the same assumption of Theorem \3.1[ 

|/,(/. l:\dt = 0(j- 2a - e ). 
1 - 3a 



for e an arbitrary positive number smaller than 
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□ 



Proof of Lemma 13.11 By definition of £j in (|3.26|) . we have 

tj(%,y) = Tj(x,y) - f(x)f(y)(l - xyr{j) + - 
We split the integral 



\e ] (t,-t)\dt= / \e j (t,-t)\dt+ / |^-(t,-t)|d* (3.34) 

J\t\>j' J\t\<j> 

where e is an arbitrary positive number smaller than — 7Tj~~~' 

Under assumption (|3.23p . Giraitis et al. ( 19961) proved for the regular long memory that for 
arbitrary k 

\J ] {x 1 ,x 2 )\<c{k)(l + \x\)- k 

for all x = {xx,X2) G R 2 and 

|/(x)|< C (fc)(l + |x|)- fc 

for all x G M. 

Their proof can be adapted to the cyclical case i.e. when the coefficients (bj)j^ satisfies 
(|1.3p . Using their notation, it suffices to construct a finite set J\ such that for all j G J\ : 
\b-j\ > 2\bt-j\ + c\ where c\ does not depend on t. Since (|&j|)jez is not summable, there exists 
a subsequence (j u )uez such that 6_ Ju ^ 0. We can take J\ a subset of {j u : u G Z} with 
[S\Ji\] — k + 3. Indeed, for j G Ji, we have \b-j\ > C{ Ji)\j~^ a+1 ^ 2 \, and for t large enough there 
exists ci 

|_j|-(i+«)/2 > 2/C(Ji)|t-j|- (1+Q)/2 +ci. 
Therefore, there exists ci such that for all j G Ji , 

IM > 2|6t_j|+ci. 
For all fc', the first integral in (I3.34[) satisfies 

fe-t)|di<r £fe ' / |t| fe 'i^(t,-t)|dt = o(r £fe '). 
ii>i« «'iti>j e 

Therefore we can take any arbitrary kl such that k' > (2a + e)/e. 
For the second integral in (13.34[) . it is enough to show that 

sup |£-(u)| =0(r 2Q ~ 2e ). (3.35) 
\u\<j' 



The proof is quite similar to that of equation (2.20) in Giraitis et al iGiraitis et al.l (|1996) 
adding the terms of order two in the expansion. 

We write the difference fj(x,y) — f(x)f(y) from products of the characteristic function (j) of 



fj{x,y) - f(x)f{y) = nnn^xb t + V h t-i) "IIIIIl^- 1 )^*-') := a i a 2«3 - a'i4 a 3 
h h h h h h 

= (a[ — ai)a 2 a 3 + (a' 2 — a2)a[a 3 + (a' 3 — a3)a[a' 2 

where h = {\i\ < j 2e }, I 3 = {\t - i\ < j 2e } and I 3 = Z - (I x U J 2 ). We will deduce (j3~3"5j) from 
|oi| < 1, |a^| < 1 and the following facts, for all u < t e 

di-a't = 0(r 2a - 2i ), t = l,2 (3.36) 

as -4 = 4(-^r(j) + i a; VKj) 2 ) + 0(j- 2 «- 2e ). (3.37) 
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Similarly to Giraitis et al. ( 19961 ). we prove (|3.36l) with i = 1 (or similarly for i = 2) as follows 



|ai — »i| < ^2 \4>{xb~i + ybj-i) - 4>{xb-i)4>(ybj-i)\ 

\*\<] 2 ' 

< E \ xh i-i\ 

\i\<j 2c 

As |z| < j 2t and x < j e , we have 

\xbj-i\ < cfr {1+ot),% =r 2a - u o{i) 

since e < 1 ~ 3a . Therefore |oi - oil = r 2a - 2t O{l). 

To prove (|3.37p . we follow the same calculations as iGiraitis et al. (Il996h page 325. Since 



|x6_(| + = o(l), we write 03 — a' 3 of the form 

a 3 -a' 3 = a' 3 (e^^ - 1) = a'^Q^y) + ^(x, y) 2 + o{Q 3 {x, yf)) 

where 

Qj( x ,y) = X] ^( xb -t,y b j-t) = -xy^b-ibj-j + 0(y^^(xb- i ) 2 \yb j - i \ + \xb-i\\ybj-i\ 2 ) 
:= -xy X b-ibj-i + R n 

and 

V(x, y) = \og((/)(x + y)) - log(>(x)) - log(0(y)) 

and we show that 

Q 3 (x,y) = -xyr(j) + 0( £ |a:|| 1 ,||6_ i ||6 i _ i | + Y,Av\\b-i\ 2 \h-i\) = 

h ul 2 i 

Qj(x,y) 2 = x 2 y 2 r(j) 2 + x 2 y 2 ( ^ b-ibj^i) 2 - 2x 2 y 2 - xy ^ ^ b-i&j-i 

ieiiuz 2 iez ieiiuia 

For |x| < j e et |y| < j e we have 

MMIMI^I =j 2 ^ 1+a ^ 2 o(i) = r 2a - 2e o(i) 

since e < (1 — 3a)/8 and 

Xyi^l 3 !^! =r o,/3 - 1/3+3e o(i) =r 2a - 2e o(i) 



since e < (1 — 3a)/10. These asymptotic behaviors ensure that for |x| < j e et \y\ < j e we have 

1 

2' 
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